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In this paper, we provide a new approach for discussing the solvability of a class of
operator equations by establishing ﬁxed point theorems in locally convex spaces. Our
results are obtained extend some Krasnosel’skii type ﬁxed point theorems. As an
application, we investigate the existence and global attractivity of solutions for a
general nonlinear integral equation of mixed type of Urysohn and Volterra.
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1 Introduction
As an example of algebraic settings, the captivating Krasnosel’skii’s ﬁxed point theorem
(see [] or [], p.) leads to the consideration of ﬁxed points for the sum of two operators.
It asserts that, if M is a bounded, closed, and convex subset of a Banach space X and
A, B are two mappings from M into X such that A is compact and B is a contraction,
A(M) + B(M) ⊆ M, then A + B has at least one ﬁxed point in M. Since then, there has
been a vast literature dealing with the improvements of such a result. For instance, in
locally convex spaces or in Fréchet spaces all kinds of extensions and generalizations of
Krasnosel’skii’s ﬁxed point theorem have been obtained by some authors (see e.g. [–]
etc.).
As a more general consideration, there is another setting which leads one to investigate
the ﬁxed points for so-called nonautonomous type superposition operators, that is, to
study the existence of solutions to the following operator equation:
x = F(x,Ax), (.)
for given operators A : X → Y and F : X ×Y → X, where X and Y are given spaces. In the
framework of Banach spaces, the solvability of equation (.) has been considered by one
of the authors of this paper in [, ].
In the present paper, we will establish some new ﬁxed point theorems for equation (.)
in the framework of locally convex spaces. Our results extend some Krasnosel’skii type
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ﬁxed point theorems in the previous literature. As an applicationwewill also study, respec-




















, t ≥ , (.)
where x belongs toC(R+,Rd), the space of all continuous functions deﬁned onR+ := [,∞)
with values in the real Euclid space Rd of d dimensions. Equation (.) is called a mixed
type nonlinear integral equation since within its form an operator of Urysohn type and an
operator of Volterra type appear.
Our results may also be applied to ﬁnd the existence and uniqueness of solutions of
diﬀerential equations of fractional order with integral boundary conditions [].
Deﬁnition . (see [], Deﬁnition ) The solutions of equation (.) are said to be glob-
ally attractive, if for arbitrary solutions x(t) and x(t) of equation (.) it follows that
limt→∞ |x(t) – x(t)| = .
It should be noted that bymeans of aKrasnosel’skii type ﬁxed point theorem, in the space
C(R+,Rd) Avramescu and Vladimirescu [] discussed the following nonlinear integral
equation of mixed type:















On the one hand, in the Banach space BC(R+) consisting of all real functions continuous
and bounded on R+, by means of the measure of noncompactness Hu and Yan [], and
























On the other hand, owing to the deﬁciency of a singlemeasure of noncompactness in the
space C(R+,Rd), the technique of a family of measures of noncompactness in conjunction
with the Schauder-Tychonoﬀ’s ﬁxed point theorem was applied by Olszowy [, ].
Since the calculating of measures of noncompactness is very hard in the majority of lo-
cally convex spaces, in the present paper we will show that by establishing some new ﬁxed
point results the use of the technique of measures of noncompactness may be avoided.
Our goals in this paper are to establish new ﬁxed point theorems for the solvability of
equation (.) in locally convex spaces, and to study under what conditions equation (.)
is solvable in C(R+,Rd) by applying our new theorems, and under what conditions the
solutions of equation (.) are globally attractive. The results obtained will provide a new
approach for discussing a class of operator equations in locally convex spaces.
The organization of this paper is as follows. In Section , we establish the ﬁxed point
theorems for equation (.) in locally convex spaces. In Section , we prove the existence
and the global attractivity of solutions for equation (.).
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2 Fixed point theorems in locally convex spaces
Throughout this section, X will denote a Hausdorﬀ locally convex topological vector
space, and {| · |ρ}ρ∈ a family of seminorms which generates the topology of X.
Let U be the neighborhood system of the origin obtained from . Thus if U ∈ U , there
is a ﬁnite number of seminorms ρ,ρ, . . . ,ρn in  and real numbers r, r, . . . , rn such that
U =
⋂n
i= riV (ρi), where V (ρ) = {x : |x|ρ < }.
A mapping T : X → X is said to be a | · |ρ-contraction for ρ ∈  if there exists αρ ∈ [, )
such that |Tx – Tx|ρ ≤ αρ |x – x|ρ for all x,x ∈ X.
Theorem . Let X be sequentially complete, and let Y be a topological space. Suppose
that M is a closed and convex subset of X, and the operators A :M → Y and F : X×Y → X
satisfy the following conditions:
(i) A is continuous, and A(M) is a relatively compact subset of Y ;
(ii) F is continuous, and for each ρ ∈  there exists αρ ∈ [, ) such that
∣∣F(x, y) – F(x, y)∣∣ρ ≤ αρ |x – x|ρ ,
for all x,x ∈ X and y ∈ Y ;
(iii) z = F(z,Ax), x ∈M ⇒ z ∈M.
Then there is a point x in M such that F(x,Ax) = x.
Proof For a given y ∈ A(M) by assumption (ii) the mapping F(·, y) deﬁned by z 	→ F(z, y)
is a | · |ρ-contraction for each ρ ∈ , so it has a unique ﬁxed point in X according to
[], Theorem .. Now, let us denote by J : A(M) → X the mapping which assigns each
y ∈ A(M) to the unique point in X such that Jy = F(Jy, y). Accordingly, the mapping J is
well deﬁned.
For a given ρ ∈ , and arbitrary y, y in A(M), we have the estimate
|Jy – Jy|ρ =
∣∣F(Jy, y) – F(Jy, y)∣∣ρ
≤ ∣∣F(Jy, y) – F(Jy, y)∣∣ρ +
∣∣F(Jy, y) – F(Jy, y)∣∣ρ
≤ αρ |Jy – Jy|ρ +
∣∣F(Jy, y) – F(Jy, y)∣∣ρ ,
it follows that
|Jy – Jy|ρ ≤ ( – αρ)–
∣∣F(Jy, y) – F(Jy, y)∣∣ρ .
LetU =
⋂n
i= riV (ρi) be a given neighborhood of the origin inX. From the continuity of F it
is inferred that there exists a neighborhoodWy of y ∈ Y such that, for all y ∈Wy ∩A(M),
∣∣F(Jy, y) – F(Jy, y)∣∣ρi <  – αρi (i = , . . . ,n),
which implies that
|Jy – Jy|ρi ≤ ( – αρi )–
∣∣F(Jy, y) – F(Jy, y)∣∣ρi < .
Wang and Zhou Fixed Point Theory and Applications  (2015) 2015:228 Page 4 of 11
Thus, we obtain
Wy ∩A(M)⊂ J–(Jy +U),
and therefore J is continuous.
By assumption (iii), for every x ∈ M we infer that z = JAx ∈ M owing to z = F(z,Ax), i.e.
JA(M) ⊂ M. Since A and J are all continuous, the composite operator JA is continuous
on M; and JA(M) is relatively compact by assumption (i). Now applying the Schauder-
Tychonoﬀ ﬁxed point theorem (refer to [], Theorem .(b), or [], p.), we conclude
that JA has a ﬁxed point x ∈M such that JAx = x, which implies that
F(x,Ax) = F(JAx,Ax) = JAx = x.
This completes the proof. 
The following corollary shows that our above result extends the Krasnosel’skii ﬁxed
point theorem in locally convex spaces.
Corollary . Let X be sequentially complete, and letM be a closed and convex subset of X.
Suppose that the operators A :M → X and B : X → X satisfy the following conditions:
(i) A is continuous, and A(M) is relatively compact;
(ii) B is a | · |ρ-contraction for each ρ ∈ ;
(iii) y = By +Ax, x ∈M ⇒ y ∈M.
Then there is a point x in M such that Ax + Bx = x.
Since the assumption (iii) of Theorem . sometimes is hard to verify in actual applica-
tions, we next establish a Schaefer type ﬁxed point theorem for equation (.).
Theorem . Let X be sequentially complete, and let Y denote a topological space. Sup-
pose that the operators A : X → Y and F : X × Y → X are continuous and satisfy the fol-
lowing conditions:
(i) A maps bounded sets of X into relatively compact ones of Y ;
(ii) for each ρ ∈  there exists αρ ∈ [, ) such that
∣∣F(x, y) – F(x, y)∣∣ρ ≤ αρ |x – x|ρ ,
for all x,x ∈ X and y ∈ A(X).
Then, either
(a) there is a point x in X such that x = F(x,Ax), or
(b) the set {x ∈ X : x = λF(x/λ,Ax)} is unbounded for some λ ∈ (, ).
Proof As in the proof of Theorem ., let us denote by J : A(X) → X the mapping which
assigns each y ∈ A(X) to the unique point in X such that Jy = F(Jy, y). We know that J is
well deﬁned and continuous.
Since the composite operator JA : X → X is continuous and maps bounded sets into
relatively compact ones, by Schaefer’s theorem [] we ﬁnd that (a) either the equation
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x = λJAx has a solution for λ = , that is,
x = JAx = F(JAx,Ax) = F(x,Ax);
or (b) the set of all such solutions
{x ∈ X : x = λJAx} =
{








is unbounded for some λ ∈ (, ). This completes the proof. 
Corollary . Let X be sequentially complete. Suppose that the two operators A,B : X → X
satisfy the following conditions:
(i) A is continuous and maps bounded sets into relatively weakly compact ones;
(ii) B is a | · |ρ-contraction for each ρ ∈ .
Then, either
(a) there is a point x in X such that x = Ax + Bx, or
(b) the set {x ∈ X : x = λAx + λB(x/λ)} is unbounded for some λ ∈ (, ).
3 The existence and global attractivity of solutions for a nonlinear integral
equation of mixed type
Throughout this section, we assume that the real Euclid space of d dimensions Rd is en-




∣∣x(t)∣∣, T > .
It is well known that C(R+,Rd) is a locally convex space and become a Fréchet space fur-







 + |x – y|k .
Remark . Let us recall the following facts which will be crucial in our next considera-
tions:
(a) a nonempty subsetM of C(R+,Rd) is said to be bounded if for each T >  there
exists a LT >  such that |x|T ≤ LT for all x ∈M;
(b) the set {x ∈ C(R+,Rd) : |x(t)| ≤ h(t)} is a nonempty, bounded, closed, and convex
subset of C(R+,Rd), where h :R+ →R+ is a continuous function;
(c) a sequence (xn)n∈N is convergent to x in C(R+,Rd) if and only if |xn – x|T →  for
each T > , i.e. (xn)n∈N is uniformly convergent to x on the interval [,T];
(d) a bounded subsetM of C(R+,Rd) is relatively compact if and only if, for each T > ,
the restrictions to [,T] of all functions fromM form an equicontinuous set.
Wewill, respectively, prove the existence of solutions and the global attractivity of solu-
tions for equation (.) under the following assumptions:
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(H) u :R+×Rd →Rd is continuous, and there exists a continuous function κ :R+ →R+
such that, for all (t, s) ∈R+ and x ∈Rd ,
∣∣u(t, s,x)∣∣ ≤ κ(t, s)|x|;
(H) there exists a continuous function h : R+ → R+ such that the improper integral∫ ∞
 κ(t, s)h(s)ds is uniformly convergent on all parameters t ∈ [,T] for each T > ,
i.e. for arbitrarily given ε >  there exists S = S(ε,T) >  such that, for all t ∈ [,T],
∫ ∞
S
κ(t, s)h(s)ds < ε;
(H) v :  ×Rd → Rd is continuous, and there exists a continuous function κ :  → R+
such that
∣∣v(t, s,x)∣∣ ≤ κ(t, s)|x|,
for all (t, s) ∈  and x ∈Rd , where  := {(t, s) ∈R+ : ≤ t ≤ s};
(H) f : R+ × (Rd) → Rd is continuous, and there exist three continuous functions α :
R+ → [, ), β :R+ →R+ and γ :R+ →R+ such that
∣∣f (t,x,u, v) – f (t,x,u, v)∣∣ ≤ α(t)|x – x| + β(t)|u – u| + γ (t)|v – v|,
for all xi,ui, vi ∈Rd (i = , ) and t ∈R+;
(H) the following inequality holds for all t ∈R+:
∣∣f (t, , , )∣∣ + α(t)h(t) + β(t)
∫ ∞

















κ(t, s)h(s)ds = .
Under the above assumptions, we deﬁne a nonempty, bounded, closed, and convex sub-
set of C(R+,Rd) as follows:
M :=
{
x ∈ C(R+,Rd) : ∣∣x(t)∣∣ ≤ h(t)}, (.)
and set HT := supt∈[,T] h(t). We will apply Theorem . to prove the existence of solutions
to equation (.). To this end, we introduce the following two lemmas.









is continuous on M and U(M) is relatively compact in C(R+,Rd).
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Since for a given x ∈ M and for each t ≥  the function u(t, ·,x(·)) is integrable on R+,
and u is continuous, the function Ux is continuous on R+. Accordingly, the operator U :
C(R+,Rd)→ C(R+,Rd) is well deﬁned.
Let T >  be ﬁxed. By setting K := max{κ(t, s) : (t, s) ∈ [,T] × [,T]}, from (H) we

























which shows that the restrictions to [,T] of all functions from U(M) form an uniformly
bounded set.





κ(t, s)h(s)ds≤ ε . (.)
By the uniform continuity of u on the set
T :=
{
(t, s,x) ∈R+ ×Rd : t ∈ [,T], s ∈ [,S], |x| ≤HT
}
,
there exists δ = δ(ε) >  such that
∣∣u(t, s,x) – u(t, s,x)∣∣ ≤ εS , (.)
for (ti, si,xi) ∈ T (i = , ) with |(t, s,x) – (t, s,x)| ≤ δ. By combining (.) and (.) it
follows that
∣∣(Ux)(t) – (Ux)(t)∣∣ ≤
∫ ∞









(∣∣u(t, s,x(s))∣∣ + ∣∣u(t, s,x(s))∣∣)ds




for t, t ∈ [,T] with |t – t| ≤ δ and all x ∈M. This shows the restrictions to [,T] of all
functions from U(M) form an equicontinuous set, and the arbitrariness of T >  implies
that the set U(M) is relatively compact.
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Let (xn)n∈N ⊆M be a sequence with xn → x. The uniform continuity of u on T and the
convergence of (xn)n∈N implies that there exists n = n(ε,T) such that, for all n≥ n and
(t, s) ∈ [,T]× [,S],
∣∣u(t, s,xn(s)) – u(t, s,x(s))∣∣ ≤ εS . (.)











which implies that |Uxn –Ux|T → , and the arbitrariness of T >  implies the continuity
of U is proved. 









is continuous on M and V (M) is relatively compact in C(R+,Rd).
Proof Let T = {(t, s) :  ≤ s ≤ t ≤ T} for an arbitrarily given T > . It is easily known
that the function Vx is continuous on R+ for a given x ∈ M since v is continuous and
the function v(t, ·,x(·)) is integrable on [, t] for each t ∈ [,T]. Thus the operator V :
C(R+,Rd)→ C(R+,Rd) is well deﬁned.













κ(t, s)h(s)ds≤ TKHT ,
which shows that the restrictions to [,T] of all functions from V (M) form an uniformly
bounded set.
By the uniform continuity of v on the set
T :=
{
(t, s,x) ∈  ×Rd : (t, s) ∈ T , |x| ≤HT
}
,
for ∀ε >  there exists δ = δ(ε,T) >  such that
∣∣v(t, s,x) – v(t, s,x)∣∣ ≤ εT +KHT ,
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for all (ti, si,xi) ∈ T (i = , ) with |(t, s,x) – (t, s,x)| ≤ δ. Let us choose δ ≤
ε/(T +KHT ). It follows that, for each x ∈M and |t – t| ≤ δ with t < t,
∣∣(Vx)(t) – (Vx)(t)∣∣ ≤
∫ t









≤ TεT +KHT +KHTδ ≤ ε,
which shows that the restrictions to [,T] of all functions from V (M) form an equicon-
tinuous set, and the arbitrariness of T >  implies that the set V (M) is relatively compact.
Let (xn)n∈N be a sequence inM with xn → x ∈M. Since v is uniformly continuous onT ,
it follows that for ∀ε >  there exists n = n(ε,T) such that, for all n≥ n and (t, s) ∈ T ,
∣∣v(t, s,xn(s)) – v(t, s,x(s))∣∣ ≤ εT .
Thus, for ∀t ∈ [,T] we have
∣∣(Vxn)(t) – (Vx)(t)∣∣ ≤
∫ t





∣∣v(t, s,xn(s)) – v(t, s,x(s))∣∣ds≤ ε,
which implies that |Vxn –Vx|T → , and the arbitrariness of T >  implies the continuity
of V is proved. 
We are now in a position by applying our Theorem . to prove the existence and global
attractivity of solutions of equation (.).
Theorem . Under the assumptions (H)-(H) equation (.) has at least one solution
x = x(t) which belongs to the spaces C(R+;Rd); furthermore if (H) is also satisﬁed then the
solutions of equation (.) are globally attractive.
Proof Let us set X := C(R+,Rd) and Y := C(R+,Rd)×C(R+,Rd). LetM be deﬁned by (.).










for all x ∈ X and y = (u, v) ∈ Y with u, v ∈ X. Our proving is divided into several steps: in
()-() we prove the existence; in () we prove the global attractivity.
() According to Lemma . and Lemma ., for an arbitrarily given x ∈ X we easily infer
Ax = (Ux,Vx) ∈ Y since (Ux)(t) and (Vx)(t) are all continuous functions deﬁned on R+;
and the continuity of operator A is also easily obtained from the continuity of operators
U and V .
Further, from Lemma . and Lemma . we infer that A(M) ⊆ U(M) × V (M) is rela-
tively compact by the Tychonoﬀ product theorem, and therefore the condition (i) of The-
orem . is satisﬁed.
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() Obviously, for arbitrarily given x ∈ X and y ∈ Y the continuity of F(x, y)(t) onR+ may
easily be inferred from continuity of the function f (t,x(t),u(t), v(t)).
Let x ∈ X and y = (u, v) ∈ Y . Suppose that (xn)n∈N is contained in X and (yn)n∈N
is contained in Y , respectively, such that xn → x and yn → y. By taking yn = (un, vn) it
follows that un → u and vn → v. Let us set
αT := sup
t∈[,T]
α(t), βT := sup
t∈[,T]
β(t), γT := sup
t∈[,T]
γ (t).
For an arbitrarily given T > , from (H) we infer that
∣∣F(xn, yn) – F(x, y)∣∣T
= sup
t∈[,T]
∣∣f (t,xn(t),un(t), vn(t)) – f (t,x(t),u(t), v(t))∣∣
≤ αT |xn – x|T + βT |un – u|T + γT |vn – v|T ,
which implies the operator F is continuous on X × Y .
Further, for ∀x,x ∈ X and ∀y = (u, v) ∈ Y by (H) we obtain
∣∣F(x, y) – F(x, y)∣∣T = supt∈[,T]
∣∣f (t,x(t),u(t), v(t)) – f (t,x(t),u(t), v(t))∣∣
≤ αT |x – x|T ,
for each T > , which implies that the condition (ii) of Theorem . is satisﬁed.
() We are going to prove that if for x ∈M there is z ∈ X such that
z(t) = f
(
t, z(t), (Ux)(t), (Vx)(t)
)
,
then z ∈M. In fact, from (H) we have the following estimate:
∣∣z(t)∣∣ ≤ ∣∣f (t, , , )∣∣ + ∣∣f (t, z(t), (Ux)(t), (Vx)(t)) – f (t, , , )∣∣
≤ ∣∣f (t, , , )∣∣ + α(t)∣∣z(t)∣∣ + β(t)∣∣(Ux)(t)∣∣ + γ (t)∣∣(Vx)(t)∣∣,
and by (H) we have
∣∣z(t)∣∣ ≤  – α(t)
[∣∣f (t, , , )∣∣ + β(t)∣∣(Ux)(t)∣∣ + γ (t)∣∣(Vx)(t)∣∣]
≤  – α(t)
[∣∣f (t, , , )∣∣ + β(t)
∫ ∞







Accordingly, we obtain z ∈M and the condition (iii) is satisﬁed.Now applyingTheorem.
we conclude the proof of the existence part.
() Suppose that x and x are two solutions of equation (.), then by (H) we have
∣∣x(t) – x(t)∣∣
≤ α(t)∣∣x(t) – x(t)∣∣ + β(t)∣∣(Ux)(t) – (Ux)(t)∣∣ + γ (t)∣∣(Vx)(t) – (Vx)(t)∣∣,
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which implies that
∣∣x(t) – x(t)∣∣
≤ β(t) – α(t)
(∣∣(Ux)(t)∣∣ + ∣∣(Ux)(t)∣∣) + γ (t) – α(t)
(∣∣(Vx)(t)∣∣ + ∣∣(Vx)(t)∣∣)









Thus, by (H) we obtain
lim
t→∞
∣∣x(t) – x(t)∣∣ = .
By now we showed that the solution of equation (.) is globally attractive and ﬁnish the
proof. 
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